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We shall prove some meromorphic normality criteria for families of meromor-
NŽ .phic mappings of several complex variables into P C , the complex N-dimen-
sional projective space, related to Nochka’s Picard type theorems. Some related
Žresults e.g., extension theorems, improved normality criteria, and quasi-normality
.criteria will be obtained also. The technique in this paper mainly depends on
Stoll’s normality criteria for families of non-negative divisors on a domain of C n.
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1. INTRODUCTION
 Montel 13 defined the notion of a quasi-normal family of meromorphic
functions in one complex variable and obtained several results related to
 this notion. Afterwards, Rutishauser 16 generalized some of them to the
case of meromorphic functions in several complex variables. By definition,
a quasi-normal family of meromorphic functions on a domain D in C n is a
family F such that any sequence in F has a compactly convergent
 subsequence outside a nowhere dense analytic subset of D. Fujimoto 7
introduced the notion of a meromorphically normal family of meromor-
NŽ .phic mappings into P C , the N-dimensional complex projective space,
 which improves the notion of quasi-normal family in 16 , and gave some
1
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sufficient conditions for a family of meromorphic mappings of a domain D
n NŽ .in C into P C to be meromorphically normal.
   By using the technique from 2 , recently the author 18, 19 got some
normality criteria for families of holomorphic mappings of several complex
NŽ .  variables into P C . Inspired by the idea in 18, 19 , we shall give some
meromorphic normality criteria for families of meromorphic mappings in
NŽ .several complex variables into P C related to Nochka’s Picard type
theorem. Many examples will be given to complement our theory.
2. STATEMENT OF MAIN RESULTS
 For the general reference of this paper, see 4, 7, 15, 19 .
Let A be a non-empty open subset of a domain D in C n such that
NŽ .SD A is an analytic set in D. Let f : A P C be a holomorphic
mapping. Let U be a non-empty connected open subset of D. A holomor-
˜ N1phic mapping f 0 from U into C is said to be a representation of f
˜ ˜1 N1Ž . Ž Ž .. Ž .  4on U if f z   f z for all zU	 A f 0 , where  : C  0
NŽ . P C is the standard projective mapping. A holomorphic mapping f :
NŽ . NŽ .A P C is said to be a meromorphic mapping from D into P C if
and only if for any zD, there exists a representation of f on some
neighborhood of z in D.
Define the polydisc
n  0    z , r  z , . . . , z  C ; z  z  r , i 1, . . . , nŽ . Ž . 4n n 0 1 n i i i
Ž 0 0. n Ž . Ž .for z  z , . . . , z  C and r r , . . . , r with r  0 i 1, . . . , n .0 1 n 1 n i
Ž . NŽ .Let f be a meromorphic mapping from  z , r into P C . Then fn 0
Ž˜ . Ž Ž . Ž .. Ž .always has a representation f z  f z , . . . , f z on  z , r with1 N1 n 0
dim z  z , r ; f z    f z  0 
 n 2. 4Ž . Ž . Ž .n 0 1 N1
A representation of f satisfying this condition is called a reduced repre-
Ž .sentation of f on  z , r .n 0
n NŽ .Let f be a meromorphic mapping of a domain D in C into P C .
Then for any zD, f always has a reduced representation on some
Ž .neighborhood of z in D. We denote by I f the set of all points of
Ž .indetermination of f on D. Then I f is an analytic set in D with
Ž . NŽ .dim I f 
 n 2. Obviously a meromorphic mapping from D into P C
NŽ . Ž .is a holomorphic mapping from D into P C if and only if I f .
DEFINITION 1. Let F be a family of holomorphic mappings of a domain
D in C n into a compact complex manifold M. F is said to be a normal
family on D if any sequence in F contains a subsequence which converges
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uniformly on compact subsets of D to a holomorphic mapping of D in-
to M.
 Ž p.Ž .4DEFINITION 2. A sequence f z of meromorphic mappings from a
n NŽ .domain D in C into P C is said to meromorphically conerge on D to a
Ž . Ž p.Ž .meromorphic mapping f z if and only if, for any zD, each f z has
a reduced representation
Ž˜ p. Ž p. Ž p.f z  f z , . . . , f zŽ . Ž . Ž .Ž .1 N1
 Ž p.Ž .4on some fixed neighborhood U of z such that f z convergesi p1
Ž .uniformly on compact subsets of U to a holomorphic function f zi
Ž .i 1, . . . , N 1 on U with the property that
f˜ z  f z , . . . , f zŽ . Ž . Ž .Ž .1 N1
Ž . Ž .is a representation of f z on U, where f z  0 on U for some i .i 00
 For a detailed discussion on meromorphic convergence, see 7 .
DEFINITION 3. Let F be a family of meromorphic mappings of a
n NŽ .domain D in C into P C . F is said to be a meromorphically normal
family on D if any sequence in F has a meromorphically convergent
subsequence on D.
 Ž p.Ž .4DEFINITION 4. A sequence f z of meromorphic mappings from a
n NŽ .domain D in C into P C is said to be quasi-regular on D if and only if
 Ž p.Ž .4any zD has a neighborhood U with the property that f z con-
verges compactly on U outside a nowhere dense analytic subset S of U;
Ži.e., for any domain GU S the closure G of G is a compact subset
. Ž Ž p.. Ž .of U S , there is some p such that I f 	G p p and0 0
 Ž p.  4f G; p p converges uniformly on G to a holomorphic mapping of0
NŽ .G into P C .
Remark. Obviously a meromorphically convergent sequence on D is
always a quasi-regular sequence on D. But a quasi-regular sequence on D
Ž  Ž ..need not imply meromorphic convergence on D see 7, 3.4 .
DEFINITION 5. Let F be a family of meromorphic mappings of a
n NŽ .domain D in C into P C . F is said to be a quasi-normal family on D if
any sequence in F has a subsequence so as to be quasi-regular on D.
Ž .Let f z  0 be a holomorphic function on the connected open neigh-
n Ž .  Ž .borhood D of a C . Then f z Ý p z a , where the seriesm0 m
converges uniformly to f on an open neighborhood of a C n and the
term p is either identically zero or a homogeneous polynomial of degreem
Ž .  4m. The number  a min m; p  0 is said to be the zero-multiplic-f m
ity of f at a. By definition, a non-negative divisor on a domain D in C n is
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a non-negative integer-valued function  on D such that for every aD
Ž .there exists a holomorphic function f z  0 on a neighborhood U of a
Ž . Ž .with  z   z on U. Furthermore we define the support supp  of thef
 Ž . 4divisor  on D by supp  zD;  z  0 .
Let X be an analytic subset of a domain D in C n and denote by
Ž . Ž .Reg X the set of all regular points of X. Let Reg X  X be the	 
Ž .decomposition of Reg X into connected components. Then X are locally
closed complex submanifolds of D, the closures X are irreducible analytic
subsets of D, and X X is the irreducible decomposition of X.	 
An irreducible analytic subset of D is of pure dimension and the irre-
Ž   .ducible decomposition is unique see 15, p. 141, 4, p. 124 for references .
Let  be a non-negative divisor on a domain D in C n. Then supp  is
either empty or an analytic subset of pure dimension n 1 in D. Rewrite
 as the formal sum Ý n X , where X are the irreducible compo-	   
Ž . Ž . Ž Ž .nents of supp  and n is  z on X 	Reg supp   z is constant on 
Ž .. Ž . Ž .X 	 Reg supp  . We define Ý  X 	 E as the 2 n  1 - 	 
dimensional Lebesque area of 	 E regardless of multiplicities for any
Ž . Ž .compact set ED and define Ý n  X 	 E as the 2 n 1 -	  
dimensional Lebesque area of 	 E with counting multiplicities for any
Ž . Ž .compact set E D, where  X 	 E is the 2 n 1 -dimensional
Lebesque area of X 	 E.
NŽ .A subset H of P C is called a hyperplane if there is a N-dimensional
˜ N1 ˜ N1Ž  4. Ž .linear subspace H of C with  H 0 H. If we write C * for
N1 Ž N1.  4the dual space of C , then there is a 
 C * 0 such that
˜ N1 4  Ž . 4H 
 0  x C ; 
 x  0 . Let B* be the set of Euclidean
N1 ˜Ž .  4  4unit vectors of C *. Then 
 ,  B* satisfy H 
 0   0 if
 and only if 
 c with c C and c  1. Let H , . . . , H be hyper-1 N1
N Ž i. Ž i. ˜Ž . Ž .  4planes in P C and let 
  
 , . . . , 
  B* with H  
  0i 1 N1 i i
Ž .i 1, . . . , N 1 . Define

1
..D H , . . . , H  det ,Ž .1 N1 . 0
N1
˜ which is determined independently of a choice of 
  B* with H  
i i i
4 Ž . Ž . 0 i 1, . . . , N 1 . When N 1, D a, b is just the spherical dis-
Ž .  4tance between a and b in P C  C  .
Ž . NŽ .DEFINITION 6. Let H , . . . , H qN 1 be hyperplanes in P C .1 q
Define
D H , . . . , H  D H , . . . , H ,Ž . Ž .Ł1 q i i1 N1
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 4where the product Ł is taken over all i , . . . , i with 1
 i  i  1 N1 1 2
Ž . i 
 q. We say that the hyperplane family H , . . . , H qN 1 inN1 1 q
NŽ . Ž .P C is located in general position if D H , . . . , H  0.1 q
n NŽ .Let f be a meromorphic mapping from a domain D in C into P C .
NŽ .Take a hyperplane H in P C defined by
˜ N1H z , . . . , z  C ; a z  a z  0 .Ž . 41 N1 1 1 N1 N1
For aD, taking a reduced representation
f˜ z  f z , . . . , f zŽ . Ž . Ž .Ž .1 N1
on a neighborhood U of a, we consider the holomorphic function
F z  a f z  a f z .Ž . Ž . Ž .1 1 N1 N1
Ž .Ž . Ž . Ž .Then the divisor  f , H z   z zU is determined indepen-F
dently of a choice of reduced representations and hence is well defined on
Ž .the totality of D and obviously Supp  f , H is either empty or a pure
Ž . Ž . Ž Ž . .n 1 -dimensional analytic set in D if f D H i.e., F z  0 on U .
Ž . Ž . Ž .We define  f , H   on D and supp  f , H D if f D H. Some-
1Ž . Ž . Ž .times we identify f H with the divisor  f , H on D. Rewrite  f , H
Ž .as the formal sum  f , H Ý n X , where X are the irreducible	   
Ž . Ž .Ž .components on supp  f , H and n are the constant  f , H z on
Ž Ž ..X 	Reg supp  f , H . For any positive integer or infinite m, the closure
z supp  f , H ;  f , H z m  X 4Ž . Ž . Ž .  
 : n m
Ž .is either empty or a pure n 1 -dimensional analytic set in D and the
Ž .2 n 1 -dimensional Lebesque areas of the two sets
z supp  f , H ;  f , H z m 4Ž . Ž . Ž .
and
z supp  f , H ;  f , H z m 4Ž . Ž . Ž .
coincide. This concept is important in proving Theorems 1 and 4.
Ž . Ž .We note that I f  supp  f , H always holds for any hyperplane H in
NŽ . Ž . Ž . NŽ .P C and I f  if f D 	H for some hyperplane H in P C .
We say that a meromorphic mapping f intersects H with multiplicity at
Ž . Ž . Ž .Ž .least m on D if f D H, f D 	H, and  f , H z m for all
Ž .z supp  f , H and that f intersects H with multiplicity  on D if
Ž . Ž .f D H or f D 	H.
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   Recently, by using the technique from 2 , the author 18, 19 gave the
 following result related to the Picard type theorem given by Nochka 14 .
THEOREM A. Let F be a family of holomorphic mappings of a domain D
n NŽ .in C into P C . Suppose that for each f F, there exist q 2 N 1
Ž . Ž . Ž . NŽ .hyperplanes H f , . . . , H f which may depend on f in P C such that f1 q
Ž . Ž . Žintersects H f with multiplicity at least m j 1, . . . , q , where m jj j j
.1, . . . , q are fixed positie integers and may be , with
q 1 q N 1Ž .
Ý m Njj1
and
inf D H f , . . . , H f ; f F  0.Ž . Ž . 4Ž .1 q
Then F is a normal family on D.
 Fujimoto 7 introduced the notion of meromorphic convergence and
gave the following result.
THEOREM B. Let F be a family of meromorphic mappings of a domain D
n NŽ . Ž .in C into P C and let H i 1, . . . , 2 N 1 be 2 N 1 hyperplanes ini
NŽ . Ž .P C located in general position such that for each f F, f D Hi
Ž . Ž .i 1, . . . , 2 N 1 and for any fixed compact subset K of D, the 2 n 1 -
1Ž . Ž .dimensional Lebesque areas of f H 	 K i 1, . . . , 2 N 1 with count-i
ing multiplicities for all f in F are bounded aboe. Then F is a meromorphi-
cally normal family on D.
In this paper, we shall give the following improvement of Theorem B
related to Theorem A.
THEOREM 1. Let F be a family of meromorphic mappings of a domain D
n NŽ .in C into P C . Suppose that for each f F, there exist q 2 N 1
Ž . Ž . Ž . NŽ .hyperplanes H f , . . . , H f which may depend on f in P C with1 q
inf D H f , . . . , H f ; f F  0Ž . Ž . 4Ž .1 q
and
f D H f i 1, . . . , N 1Ž . Ž . Ž .i
such that the following two conditions are satisfied.
Ž .1. For any fixed compact subset K of D, the 2 n 1 -dimensional
1Ž Ž .. Ž .Lebesque areas of f H f 	 K i 1, . . . , N 1 with counting multi-i
plicities for all f in F are bounded aboe.
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2. There exists a nowhere dense analytic set S in D such that for any
Ž .fixed compact subset K of D S, the 2 n 1 -dimensional Lebesque areas
of
z supp  f , H f ;  f , H f z m 	 KŽ . Ž . Ž . 4Ž . Ž .j j j
jN 2, . . . , q ,Ž .
 4qregardless of multiplicities for all f in F, are bounded aboe, where mj jN2
Ž .q N  1q Ž .are fixed positie integers and may be  with Ý 1m  .jN2 j N
Then F is a meromorphically normal family on D.
Ž . Ž .Ž . Remark. If f D H, then  f , H z   on D and hence z
Ž .Ž . 4D;  f , H z    in condition 2 of Theorem 1.
We shall derive the following conclusion from Theorem 1.
COROLLARY 2. Let F be a family of holomorphic mappings of a domain
n NŽ .D in C into P C . Suppose that for each f F, there exist q 2 N 1
Ž . Ž . Ž . NŽ .hyperplanes H f , . . . , H f which may depend on f in P C with1 q
inf D H f , . . . , H f ; f F  0Ž . Ž . 4Ž .1 q
such that the following two conditions are satisfied.
Ž . Ž . Ž .1. f D 	H f  i 1, . . . , N 1 for any f in F.i
2. There exists a nowhere dense analytic set S in D such that for any
Ž .fixed compact subset K of D S, the 2 n 1 -dimensional Lebesque areas
of
z supp  f , H f ;  f , H f z m 	 KŽ . Ž . Ž . 4Ž . Ž .j j j
jN 2, . . . , q ,Ž .
 4qregardless of multiplicities for all f in F, are bounded aboe, where mj jN2
Ž .q N  1q Ž .are fixed positie integers and may be  with Ý 1m  .jN2 j N
Then F is a normal family on D.
 Remark. A weakened version of Corollary 2 was announced in 18 .
In order to obtain an insight into the version of Theorem A for
meromorphic mappings, we shall prove the following extension theorem
related to Nochka’s Picard theorem.
THEOREM 3. Let S be an analytic subset of a domain D in C n with
NŽ .dim S
 n 2. Let f be a holomorphic mapping from D S into P C . If
NŽ .there exist q 2 N 1 hyperplanes H , . . . , H in P C in general position1 q
Ž .such that f intersects H with multiplicity at least m j 1, . . . , q on D S,j j
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Ž . q Ž .where m j 1, . . . , q are positie integers and may be , with Ý 1mj j1 j
Ž .q N  1 NŽ . , then the holomorphic mapping f from D S into P CN
NŽ .extends to a holomorphic mapping from D into P C .
Theorem 3 will play a key role in proving the following result.
THEOREM 4. Let F be a family of meromorphic mappings of a domain D
n NŽ .in C into P C . Suppose that for each f F, there exist q 2 N 1
Ž . Ž . Ž . NŽ .hyperplanes H f , . . . , H f which may depend on f in P C with1 q
inf D H f , . . . , H f ; f F  0Ž . Ž . 4Ž .1 q
Ž .such that for any fixed compact subset K of D, the 2 n 1 -dimensional
Lebesque areas of
z supp  f , H f ;  f , H f z m 	 K j 1, . . . , q ,Ž . Ž . Ž . Ž . 4Ž . Ž .j j j
 4qregardless of multiplicities for all f in F, are bounded aboe, where m arej j1
Ž .q N  1q Ž .fixed positie integers and may be  with Ý 1m  . Then F isj1 j N
a quasi-normal family on D.
   Theorem 4 greatly improves 16, Theorem 18 ; cf. 7, Theorem 8.1 .
3. SOME EXAMPLES
Here we give some examples to complement our theory in this paper.
   4 Ž . Ž .EXAMPLE 1. Let D z C; z  1 and f z  nz zD . Thenn
 Ž .4 Ž .f z is not normal on D. Since f z has a reduced representationn n
1˜Ž . Ž . Ž .  4f z  z, n 1, 2, . . . , f is meromorphically normal on D. Obvi-n nn
 4ously f satisfies the assumption of Theorem 1. Hence the assumption ofn
Theorem 1 need not imply that F is normal on D even if F is a family of
NŽ .holomorphic mappings of D into P C .
Ž . Ž .n    4EXAMPLE 2. Let f z  nz be defined on D z C; z  1 .n
 Ž .4  Ž .4Then f z is not meromorphically normal on D but f z is quasi-n n
Ž   .normal on D see 7, p. 28 for references . For any compact subset K of
 4 1Ž .D 0 , the numbers of points of f 1 	 K for all nN are boundedn
1Ž . 1Ž .  4above. Since supp f   and supp f 0  0 , the multiplicitiesn n
required in condition 1 of Theorem 1 cannot be removed.
Ž . n z    4EXAMPLE 3. Let f z  e be defined on D z C; z  1 . Sincen
 4f has no subsequence which is convergent at any point in the subsetn ' 4  4z y  1 ; 0 y 1 of D, f is not quasi-normal on D and hencen
 4 1Ž . 1Ž .f is not meromorphically normal on D. Obviously f 0  f  .n n n
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 4Then f satisfies condition 1 but does not satisfy condition 2 in then
assumption of Theorem 1.
 Ž .4EXAMPLE 4. Let f z be a sequence of holomorphic mappings ofn n1
   4 NŽ .D z C; z  1 into P C which have reduced representations
1 2 Nf˜ z  z , , , . . . , n 1, 2, . . . .Ž . Ž .Ž .n n n n
 Ž .4Then f z is only meromorphically convergent on D but is not normaln
Ž . NŽ .on D. Obviously f z intersects any a hyperplane H in P C with atn
˜Ž  4.most a point in D and has N exceptional hyperplanes H   H  0i i
˜ N1Ž . 4 Ž .where H  z , z , . . . , z  C ; z  0 i 1, . . . , N . Then thei 0 1 N i
N 1 exceptional hyperplanes in the assumption of Corollary 2 cannot be
reduced.
Ž .    4EXAMPLE 5. Let f z  nz be defined on D z C; 0 z  1 .n
 Ž .4Then f z is a normal family on D. It is easy to verify that for anyn
Ž .  4 Ž . Ža , b , c  P C  nz; zD , we have D a , b , c  0 as n  seen n n n n n
Ž ..  Ž .4Definition 6 for D a, b, c . Hence f z does not satisfy the assumptionn
   Ž .4of Corollary 2 in 19 but f z obviously satisfies the assumption ofn
Corollary 2.
EXAMPLE 6. Let
n1   2   2 2B  z z , . . . , z  C ; z   z  r r 0Ž . Ž . 4r 1 n1 1 n1
and
n1   2   2E u , . . . , u  C ; 1
 u   u 
 2 .Ž . 41 n1 1 n1
Ž j. Ž Ž j. Ž j. . Ž .Let u  u , . . . , u j 1, 2, . . . be a countable and dense subset1 n1
Ž . nŽ .of E. Define a holomorphic mapping f z of B into P C whichŽ i, j. 12
has a reduced representation
˜ i Ž j. i Ž j.f z  z  u , . . . , z  uŽ . Ž .Ž i , j. 1 1 n1 n1
n1  4 Ž .  4from z B into C  0 i, j 1, 2, . . . . Obviously f is a12 Ž i, j. i, j1
 normal family on B and by 19, Theorem 4 there exist 2n 1 hyper-12
Ž i, j. Ž i, j. nŽ .planes H , . . . , H located in P C such that1 2 n1
inf D H Ž i , j. , . . . , H Ž i , j. ; i , j 1, 2, . . .  0 4Ž .1 2 n1
and
f B 	H Ž i , j. k 1, . . . , 2n 1; i , j 1, 2, . . .Ž .Ž .Ž i , j. r k0
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1  4for some fixed small r with 0 r  . Hence f restricted on B0 0 Ž i, j. r2 0
satisfies the assumption of Theorem 1.
 4But f does not satisfy the assumption of Theorem B on anyŽ i, j.
neighborhood of z 0 in B . In fact we shall verify that the 2n-dimen-12
1 Ž . Ž .sional Lebesque areas of f H 	 B i, j 1, 2, . . . with counting mul-Ž i, j. r
1Ž .tiplicities are not bounded above for any fixed r 0 r and any fixed2
nŽ .hyperplane H in P C . Let H be defined by
˜ n1H z , . . . , z  C ; a z  a z  0 .Ž . 41 n1 1 1 n1 n1
Ž .Then  f , H is defined by the holomorphic functionŽ i, j.
a z i  a z i  a uŽ j. a uŽ j. .Ž . Ž .1 1 n1 n1 1 1 n1 n1
 Ž j.4  4Since u is a dense subset of E, we can choose a subsequence jk k1
with
lim a uŽ jk . a uŽ jk .  0.Ž .1 1 n1 n1
k
Ž . ŽHence lim  f , H   as a sequence of divisors on B seek Ž i, j . g 12k i
. Ž .Definition 8 in Section 4 for the convergence of divisors , where g z i
i i Ža z  a z . The 2n-dimensional Lebesque area of  	 B 01 1 n1 n1 g ri1 2 n.r with counting multiplicities is at least c ir for a fixed positive02
Ž  .constant c see 3, Lemma 3, p. 140 . Thus the 2n-dimensional Lebesque0
Ž .areas of  	 B i 1, 2, . . . with counting multiplicities are not boundedg ri 1  above for any 0 r and hence by 17, Lemma 2.23 the 2n-dimen-2
Ž . Ž .sional Lebesque areas of  f , H 	 i, k 1, 2, . . . with countingŽ i, j . rk 1multiplicities are not bounded above for any 0 r . Then the 2n-di-2
1 Ž . Ž .mensional Lebesque areas of f H 	 B i, j 1, 2, . . . with countingŽ i, j. r
1Ž .multiplicities are not bounded above for any fixed r 0 r and any2
nŽ .fixed hyperplane H in P C .
4. SOME LEMMAS
To prove our results, we need some preparations.
 4We define the limit of a sequence F of closed subsets of a locallyk k1
compact Hausdorff space M as follows:
 4DEFINITION 7. A point x of M is called a limit point of F if therek
Ž .exist an integer k and points a  F k k such that x lim a . A0 k k 0 k
 4point of M is called a cluster point of F if it is a limit point of somek
 4subsequence of F . If the set of limit points coincides with the set ofk
 4cluster points, F is said to converge to this set F, and write lim F  F.k k
Ž  .For a detailed discussion of this convergent concept, see 17, pp. 196201 .
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 4 Ž .LEMMA 1. Let N be a sequence of pure n 1 -dimensional analytici
n Ž .subsets of a domain D in C . Suppose that the 2 n 1 -dimensional Lebesque
Ž .areas of N 	 K regardless of multiplicities i 1, 2, . . . are bounded aboei
 4for any fixed compact subset K of D and N conerges to N as a sequence ofi
Ž .closed subsets of D. Then N is either empty or a pure n 1 -dimensional
Ž  analytic subset of D. See 17, Proposition 4.11, 3, Theorem 1 for more
.general analytic subsets.
 4 Ž .LEMMA 2. Let N be a sequence of pure n 1 -dimensional analytici
n Ž .subsets of a domain D in C . If the 2 n 1 -dimensional Lebesque areas of
Ž .N 	 K regardless of multiplicities i 1, 2, . . . are bounded aboe for anyi
 4fixed compact subset K of D, then N is normal as a family of closed subsetsi
Ž  .of D see 17, Proposition 4.12 .
 Stoll 17 introduced the concept of convergence of a net of divisors. In
the special case which we use, his definition reduces to the following:
 4DEFINITION 8. Let  be a sequence of non-negative divisors on ai i1
domain D in C n. It is said to converge to a non-negative divisor  on D if
and only if any aD has a neighborhood U such that there exist
Ž . Ž . Ž . Ž . Ž . Ž .holomorphic functions h z  0 and h z  0 on U with  z   zi i h i
Ž . Ž . Ž . Ž .and  z   z on U such that h z converges to h z uniformly onh i
compact subsets of U.
 4 nLEMMA 3. A sequence  of non-negatie diisors on a domain D in Ci
is normal in the sense of the conergence of diisors on D if and only if the
Ž . Ž .2 n 1 -dimensional Lebesque areas of  	 E i 1, 2, . . . with countingi
Ž multiplicities are bounded aboe for any fixed compact set E of D see 17,
.Theorem 2.24 .
 4LEMMA 4. Let f be a sequence of meromorphic mappings of a domaini
n NŽ .D in C into P C and let S be a nowhere dense analytic subset in D.
 4Suppose that f meromorphically conerges on D S to a meromorphici
NŽ . NŽ .mapping f of D S into P C . If there exists a hyperplane H in P C such
Ž .  Ž .4that f D S H and  f , H is a conergent sequence of diisors on D,i
 4 Ž  .then f is meromorphically conergent on D see 7, Proposition 3.5 .i
 4LEMMA 5. Let f be a sequence of meromorphic mappings of a domaini
n NŽ .D in C into P C and let S be a nowhere dense analytic subset in D.
 4Suppose that f meromorphically conerges on D S to a meromorphicallyi
NŽ .mapping f of D S into P C . If for each f there exist N 1 hyperplanesi
Ž . Ž . NŽ .H f , . . . , H f in P C with1 i N1 i
inf D H f , . . . , H f ; i 1, 2, . . .  0 4Ž . Ž .Ž .1 i N1 i
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Ž . 1Ž Ž .. Žsuch that 2 n 1 -dimensional Lebesque areas of f H f 	 E ki k i
.1, . . . , N 1; i 1, 2, . . . with counting multiplicities are bounded aboe for
 4any fixed compact subset ED, then f has a meromorphically conergenti
subsequence on D.
ŽProof of Lemma 5. Without loss of generality we take D  an
.polydisc .
Ž .Case 1. We assume that H f is the same for all f ; i.e., H k i i k
Ž . Ž .H f k 1, . . . , N 1 is independent of i. We can take some kk i 0
Ž . Ž . Ž .1
 k 
N 1 with f   S H because H k 1, . . . , N 10 n k k0NŽ .are located in P C in general position by the assumption of Lemma 5.
 Ž .4On the other hand, the divisor sequence  f , H has a convergenti k i10
 Ž .4  4subsequence  f , H on  by Lemma 3. Then by Lemma 4 f hasi k j1 n ij 0
 4a meromorphically convergent subsequence f on  .i j1 nj
Case 2. Here we shall prove Lemma 5 for the general case by taking
linear coordinate transformation and using the conclusion of Lemma 5 in
Case 1.
Ž . Ž .Consider the hyperplanes H f k 1, . . . , N 1 and i 1, 2, . . . .k i
Ž . Ž 1Ž . N1Ž ..Then there exist 
 f  
 f , . . . , 
 f  B*, the set of Eu-k i k i k i
Ž N1.clidean unit vectors of C *, such that
˜ N1 1 N1H f  z , . . . , z  C ; 
 f z  
 f z  0Ž . Ž . Ž . Ž . 4k i 1 N1 k i 1 k i N1
for k 1, . . . , N 1 and i 1, 2, . . . . Thus we have
1 N1
 f  
 fŽ . Ž .1 i 1 i
. . .. . .inf det . . .
i  01 N1
 f  
 fŽ . Ž .N1 i N1 i
 inf D H f , . . . , H f  0. 4Ž . Ž .Ž 1 i N1 i
i
 jŽ .  Ž .Since 
 f 
 1 k, j 1, 2, . . . , N 1 and i 1, 2, . . . , without loss ofk i
jŽ . j Ž .generality we assume that 
 f  
 k, j 1, . . . , N 1 as i k i k




. . .. . .det . . . 01 N1
  
N1 N1
 lim inf D H f , . . . , H f  0.Ž . Ž .Ž .1 i N1 i
i
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 f  
 fŽ . Ž .1 i 1 i
. . .1 N1 . . .g z  f z , . . . , f z ,Ž . Ž . Ž .˜ Ž .i i i . . . 01 N1
 f  
 fŽ . Ž .N1 i N1 i
where AT denotes the transposed matrix of a matrix A. Now consider the
 Ž .4 NŽ .sequence g z of meromorphic mappings from  into P C wherei n
Ž . Ž .g z has the given reduced representation g z on  . Let˜i i n
0 N1  4H   z , . . . , z  C  0 ; z  0 i1, 2, . . . , N1 .Ž . Ž . 4Ž .i 1 N1 i
Then
g1 H 0  f1 H f k 1, . . . , N 1; i 1, 2, . . . .Ž . Ž .Ž .Ž .i k i k i
 Ž .4By the assumption of Lemma 5 f z meromorphically converges oni
Ž . NŽ .  S to a meromorphic mapping f z of   S into P C and thusn n
 Ž .4g z meromorphically converges on   S to a meromorphic mappingi n
Ž . NŽ .g z of   S into P C . Then by the conclusion of Lemma 5 in Case 1n
 Ž .4there exists a subsequence g z such that the meromorphically con-i j1j
Ž . NŽ .verges on  to a meromorphic mapping g z of  into P C andn 0 n
 Ž .4hence f z meromorphically converges on  to a meromorphici j1 nj
Ž . NŽ .mapping f z of  into P C which has a representation0 n






. . .. . .. . . 01 N1 0
  
N1 N1
Ž 1Ž . N1Ž .. Ž .on  , where g z , . . . , g z is a representation of g z on  andn 0 0 0 n
1  Ž .4A denotes the inverse matrix of a square matrix A. Hence f z hasi i1
a meromorphically convergent subsequence on  . The proof of Lemma 5n
is completed.
 4LEMMA 6. Let f be a meromorphically conergent sequence of holo-i
n NŽ .morphic mappings of a polydisc  in C into P C . If for each f , theren i
Ž . Ž . NŽ .exist N 1 hyperplanes H f , . . . , H f in P C with1 i N1 i
inf D H f , . . . , H f ; i 1, 2, . . .  0 4Ž . Ž .Ž .1 i N1 i
ZHEN-HAN TU14
and
f  	H f  k 1, . . . , N 1; i 1, 2, . . . ,Ž . Ž . Ž .i n k i
 4then f conerges uniformly on compact subsets of  to a holomorphici n
NŽ .mapping of  into P C .n
Proof of Lemma 6. Let z   . By the assumption of Lemma 6, every0 n
Ž .f z has a reduced representationi
˜ 1 N1f z  f z , . . . , f z i 1, 2, . . .Ž . Ž . Ž . Ž .Ž .i i i
˜ Ž .  Ž .4on a fixed neighborhood U z such that f z converges uniformly on0 i i1
˜ 1 N1Ž . Ž . Ž Ž . Ž .. Ž . Ž .compact subsets of U z to f z  f z , . . . , f z  0 on U z .0 0 0 0 0
˜Ž . Ž .  4Now we shall prove f z  0 everywhere on U z and hence f con-0 0 i
verges uniformly on compact subsets of  to a holomorphic mapping ofn
NŽ . into P C .n
Ž . Ž 1Ž . N1Ž ..Let 
 f  
 f , . . . , 
 f  B*, the set of Euclidean unitk i k i k i
Ž N1. Ž .  Ž . 4vectors of C *, with H f  
 f  0 . Without loss of generalityk i k i
jŽ . j Ž . Žwe assume that 
 f  
 k, j 1, . . . , N 1 as i  otherwise wek i k
.can find a required subsequence . Define
T
1 N1
 f  
 fŽ . Ž .1 i 1 i
. . .1 N1 . . .g z  f z , . . . , f zŽ . Ž . Ž .˜ Ž .i i i . . . 01 N1
 f  
 fŽ . Ž .N1 i N1 i
Ž .  Ž .4 Ž .on U z . Then g z converges uniformly on compact subsets of U z˜0 i 0
Ž . Ž . N1to a holomorphic mapping g z of U z into C , where0˜ 0





. . .1 N1 . . . f z , . . . , f z .Ž . Ž .Ž .0 0 . . . 01 N1
  
N1 N1
Ž 1Ž . N1Ž .. Ž . Ž i.Since f z , . . . , f z  0 on U z and det 
  0, we0 0 0 j Ž N1.Ž N1.
k 0Ž . Ž .have at least one g z  0 on U z for some 1
 k 
N 1. Since0 0 0
N1 k Ž . kŽ . Ž Ž .Ý 
 f f z  0 everywhere on U z by the assumption of Lemmak1 k i i 00
. Ž . k 0Ž .Ž .6 converges uniformly on compact subsets of U z to g z  0 on0 0
Ž . U z as i , by the Hurwitz theorem in several complex variables 15,0
k 0 ˜ Ž . Ž . Ž .Lemma 1.5.16 we have g z  0 everywhere on U z . Hence f z  00 0 0
Ž .everywhere on U z . We complete the proof of Lemma 6.0
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5. PROOF OF THEOREM 1
Ž .Without loss of generality we assume D  a polydisc .n
 4Take any sequence f  F. By the assumption and Lemma 2 we cani
Ž  4.find a subsequence again denoted by f such thati
lim f1 H f  S k 1, . . . , N 1Ž . Ž .Ž .i k i k
i
as a sequence of closed subsets of  , where S are either empty or puren k
Ž .n 1 -dimensional analytic sets of  by Lemma 1 andn
lim z supp  f , H f ;  f , H f z m  S  S 4Ž . Ž . Ž .Ž . Ž .Ž .i k i i k i k k
i
Ž .kN 2, . . . , q as a sequence of closed subsets of   S, where Sn k
Ž .are either empty or pure n 1 -dimensional analytic sets of   S byn
Lemma 1. Let Eq S  S. Then E is either empty or a purek1 k
Ž .n 1 -dimensional analytic set of   S.n
Ž .For any fixed point z in   S  E, there exist an integer i and a0 n 0
Ž . Ž .neighborhood U z in   S  E such that0 n
f1 H f 	U z  k 1, 2, . . . , N 1Ž . Ž . Ž .Ž .i k i 0
Ž . Ž . Žand each f z intersects H f with multiplicities at least m kNi k i k
. Ž .  Ž .42, . . . , q on U z for i i . Hence f z is a sequence of holomor-0 0 i ii0
Ž . NŽ .  Ž .4phic mappings of U z into P C and by Theorem A f z is a normal0 i
Ž .family on U z . Therefore, by the usual diagonal argument, we can find a0
Ž  4.subsequence again denoted by f which converges uniformly on com-i
Ž . Ž .pact subsets of   S  E to a holomorphic mapping f of   S  En n
NŽ .  4into P C . By Lemma 5 f has a meromorphically convergent subse-i
Ž  4.  4quence again denoted by f on   S and again by Lemma 5 f has ai n i
meromorphically convergent subsequence on  . Then F is a meromor-n
phically normal family on  . The proof of Theorem 1 is completed.n
6. PROOF OF COROLLARY 2
By Theorem 1 F is a meromorphically normal family on D and hence by
Lemma 6 F is a normal family on D. This proves Corollary 2.
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7. PROOF OF THEOREM 3
DEFINITION 9. Let  C n be a hyperbolic domain and let M be a
complete complex Hermitian manifold with metric ds2 . A holomorphicM
Ž .mapping f z from  into M is said to be a normal holomorphic mapping
from  into M if and only if there exists a positive constant c such that
Ž .for all z and all  T  ,z
2ds f z , df z  
 cK z ,  ,Ž . Ž . Ž . Ž .Ž .M 
Ž . Ž . Ž .where df z is the mapping from T  into T M induced by f and Kz f Ž z . 
denotes the infinitesimal Kobayashi metric on .
 For a detailed discussion of normal holomorphic mapping, see 1 and
 for the basic notation of hyperbolic space, see 10, 12, 15 .
LEMMA 7. Let  C n be a hyperbolic domain and let M be a compact
complex Hermitian manifold. Let f : M be a holomorphic mapping such
Ž .that for eery sequence of holomorphic mappings  z from the unit disc Dj
 Ž .4in C into , the sequence f z from D into M is a normal family onj j1
Ž D. Then f is a normal holomorphic mapping from  into M See 1,
.Proposition 1.14, 2, Proposition 2.9 .
LEMMA 8. Let M be a complex manifold and let S be a complex analytic
Žsubset of M with codim S 2. Then K  K on M S i.e., theMS M
. Žinfinitesimal Kobayashi metric K is the restriction of K to M S SeeMS M
 .15, Proposition 1.2.22 .
LEMMA 9. Let f be a holomorphic mapping from a hyperbolic domain 
n NŽ .in C into P C . If there exist q 2 N 1 hyperplanes H , . . . , H in1 q
NŽ .P C in general position such that f intersects H with multiplicity at least mj j
Ž . Ž .j 1, . . . , q on , where m j 1, . . . , q are positie integers and mayj
Ž .q N  1q Ž .be , with Ý 1m  , then f is a normal holomorphic mappingj1 j N
NŽ .from  into P C .
Ž .Proof of Lemma 9. For any sequence of holomorphic mappings  zk
Ž .from the unit disc D in C into , every f z intersects H withk j
Ž .multiplicity at least m j 1, . . . , q on D by the definition of multiplici-j
Ž Ž .4ties. By Theorem A f z is a normal family on D and hence f isk k1
a normal mapping by Lemma 7. This proves Lemma 8.
Proof of Theorem 3. Without loss of generality we assume that D is a
n Ž .bounded domain of C i.e, D is hyperbolic . By Lemma 9 f is a normal
NŽ .holomorphic mapping from D S into P C . Thus by Definition 9 and
the definition of the integrated distance there exists a positive constant c
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such that
d N f z , f w 
 cd K z , wŽ . Ž . Ž .Ž .P DS
for all z, wD S, where d K and d N denote the Kobayashi distanceDS P
NŽ .on D S and the FubiniStudy distance on P C , respectively. For any
 4z  S, let z be a sequence of points of D S so as to converge to0 i i1
z . By Lemma 8 we have0
d N f z , f z 
 cd K z , z  cd K z , z .Ž . Ž . Ž . Ž .Ž .P i j DS i j D i j
 Ž .4 NŽ .  Ž .4Then f z is a Cauchy sequence of P C and hence f zi i1 i i1
NŽ .converges to a point a  P C . It is easy to check that a is indepen-0 0
 4 Ž .dent of the choice of z as far as it converges to z . Then f z has ani 0
Ž˜ .extension f z on D so as to be holomorphic on D S and continuous on
Ž˜ .D and hence f z is holomorphic on D by the Riemann extension
theorem. The proof of Theorem 3 is completed.
8. PROOF OF THEOREM 4
The following lemma is a special conclusion of Theorem 3.
LEMMA 10. Let f be a meromorphic mapping from a domain D in C n into
NŽ . NŽ .P C . If there exist q 2 N 1 hyperplanes H , . . . , H in P C in1 q
Žgeneral position such that f intersects H with multiplicity at least m jj j
. Ž .1, . . . , q on D, where m j 1, . . . , q are positie integers and may be ,j
Ž .q N  1q Ž .with Ý 1m  , then f is actually a holomorphic mapping fromj1 j N
NŽ .D into P C .
 4Proof of Theorem 4. Take any sequence f  F. By the assumptioni
Ž  4.and Lemma 2 we can find a subsequence again denoted by f such thati
lim z supp  f , H f ;  f , H f z m  S 4Ž . Ž . Ž .Ž . Ž .i k i i k i k k
i
Ž .k 1, . . . , q as a sequence of closed subsets of D, where S are eitherk
Ž .empty or pure n 1 -dimensional analytic sets of D by Lemma 1. Let
q Ž .E S . Then E is either empty or a pure n 1 -dimensionalk1 k
analytic set of D and hence E is a nowhere dense analytic set of D.
 Ž .4Now we shall prove that f z has a compactly convergent subse-n n1
quence on D E. For any fixed point z in D E, there exist an integer0
Ž .i and a neighborhood U z in D E such that0 0
z supp  f , H f ;  f , H f z m 	U z  4Ž . Ž . Ž . Ž .Ž . Ž .i k i i k i k 0
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 Ž .4for i i and k 1, . . . , q. Hence by Lemma 10 f z is a sequence0 i ii0
Ž . NŽ .  Ž .4of holomorphic mappings of U z into P C and by Theorem A f z0 i ii0
Ž .has a subsequence which converges uniformly on compact subsets of U z0
Ž . NŽ .to a holomorphic mapping of U z into P C . Therefore, by the usual0
 Ž .4diagonal argument, we can find a subsequence f z so as to convergei j
uniformly on compact subsets of D E to a holomorphic mapping of
NŽ .  Ž .4D E into P C and hence f z is quasi-regular on D. The proof ofi j
Theorem 4 is completed.
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